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Quasi-Hopf algebras

A quasi-Hopf algebra (H,A,e,®, S, «, 3) consists of an
associative k-algebra H, algebra maps A: H - H® H, ¢ : H — K,
an invertible element ® = ®(1) @ () © ¢B) € H®3 (the
associator), elements «, 5 € H and an algebra anti-automorphism
S of H such that for all h € H,

B (e®id)A = (id®e)A =id,
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A quasi-Hopf algebra (H,A,e,®, S, «, 3) consists of an
associative k-algebra H, algebra maps A: H - H® H, ¢ : H — K,
an invertible element ® = ®(1) @ () © ¢B) € H®3 (the
associator), elements «, 5 € H and an algebra anti-automorphism
S of H such that for all h € H,

B (e®id)A = (id®e)A =id,

m (id @ A)A(h) = &(A @ id)A(h)d L,

p (IdRIdRA)(P)(ARid®id)(P) = (10P)(IdRA®Id)(P)(Px1),

B (d®e®id)(P) =1,

u S(hl)ahz == e(h)a, hlﬂS(hz) == €(h)ﬁ,
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Quasi-Hopf algebras

A quasi-Hopf algebra (H,A,e,®, S, «, 3) consists of an
associative k-algebra H, algebra maps A: H - H® H, ¢ : H — K,
an invertible element ® = ®(1) @ () © ¢B) € H®3 (the
associator), elements «, 5 € H and an algebra anti-automorphism
S of H such that for all h € H,

B (e®id)A = (id®e)A =id,

m (id @ A)A(h) = &(A @ id)A(h)d L,

p (IdRIdRA)(P)(ARid®id)(P) = (10P)(IdRA®Id)(P)(Px1),

B (d®e®id)(P) =1,

u S(hl)ahz = e(h)a, hlﬂS(hz) = 6( )ﬁ,

m dWES(0N)adB) =1, S(dM)ad@p5(d0B)) =1
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For H finite dimensional, RepH is a finite tensor category:
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For H finite dimensional, RepH is a finite tensor category: i.e. a
finite k-linear abelian monoidal rigid category with bilinear ®, such
that End(1) = k.
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For H finite dimensional, RepH is a finite tensor category: i.e. a
finite k-linear abelian monoidal rigid category with bilinear ®, such

that End(1) = k.
Moreover, it admits a quasi-fiber functor:
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The assignments (&, F) — H = End(F), H — (Rep(H); Forget)
are mutually inverse bijections between

m finite tensor categories € admitting a quasi-fiber functor, up
to monoidal equivalence of categories,
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For H finite dimensional, RepH is a finite tensor category: i.e. a
finite k-linear abelian monoidal rigid category with bilinear ®, such
that End(1) = k.

Moreover, it admits a quasi-fiber functor: i.e. an exact faithful
functor F : RepH — Vec, such that F(1) = k, equipped with an
isomorphism J : F(e) @ F(e) — F(e ® ).

Theorem
The assignments (&, F) — H = End(F), H — (Rep(H); Forget)
are mutually inverse bijections between

m finite tensor categories € admitting a quasi-fiber functor, up
to monoidal equivalence of categories,

m finite dimensional quasi-Hopf algebras H over k, up to twist
equivalence and isomorphism.
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A gHA H is basic if every irreducible representation is
1-dimensional.
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A gHA H is basic if every irreducible representation is
1-dimensional.

RadH is a quasi-Hopf ideal and H/RadH = Fun(G) for some finite
group G.
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A gHA H is basic if every irreducible representation is
1-dimensional.

RadH is a quasi-Hopf ideal and H/RadH = Fun(G) for some finite
group G.

The corresponding tensor category RepH is pointed:
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A gHA H is basic if every irreducible representation is
1-dimensional.

RadH is a quasi-Hopf ideal and H/RadH = Fun(G) for some finite
group G.

The corresponding tensor category RepH is pointed: i.e. every
simple object is invertible.
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Previous results

Etingof and Gelaki classified basic qHA such that G = Z, for p
prime. Up to twist they are:

Ivan E. Angiono — FaMAF, UNC

Basic quasi-Hopf algebras over cyclic groups



Previous results

Etingof and Gelaki classified basic qHA such that G = Z, for p
prime. Up to twist they are:

m finite dimensional HA H whose radical is a Hopf ideal and
H/RadH = k[Z],

Ivan E. Angiono — FaMAF, UNC

Basic quasi-Hopf algebras over cyclic groups



Previous results

Etingof and Gelaki classified basic qHA such that G = Z, for p
prime. Up to twist they are:

m finite dimensional HA H whose radical is a Hopf ideal and
H/RadH = k[Z],

m the algebra k[Z,] with associator

S = w(i,j, k)i ®1; @1, we H(Zp, k)
i.j k=0

({1, : a € Z;m} denotes the set of idempotents of k[Zy]),
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Previous results

Etingof and Gelaki classified basic qHA such that G = Z, for p
prime. Up to twist they are:

m finite dimensional HA H whose radical is a Hopf ideal and
H/RadH = k[Z],

m the algebra k[Z,] with associator

S = w(i,j, k)i ®1; @1, we H(Zp, k)
ij,k=0
({1, : a € Z;m} denotes the set of idempotents of k[Zy]),

m a family of non-semisimple gqHA A(q) with non-trivial
associator, such that A(q)/RadA(q) = k[Z,).
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New family of non-semisimple quasi-Hopf algebras

Consider a root of unity g of order m? and a radically graded HA,
generated by g, x1,...xx such that
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New family of non-semisimple quasi-Hopf algebras

Consider a root of unity g of order m? and a radically graded HA,
generated by g, x1,...xx such that

g™ =1, Alg)=gweg,
gx,-g_l = qdiXi, Alx) =x®1+ gbi R X;.

Denote by i’ the remainder of i by m, and ¢(i,;) := i(j —j'). Then
H3(Zm, k*) = {ws : 0 < s < m— 1},
where ws(i, j, k) = g5tk

Consider also Js = Z;’j;ol q*)1; ®1;,
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New family of non-semisimple quasi-Hopf algebras

Consider a root of unity g of order m? and a radically graded HA,
generated by g, x1,...xx such that

g" =1, Alg)=gwg,
gigt =q%x, Alx)=x®1+g"®x.
Denote by i’ the remainder of i by m, and ¢(i,;) := i(j —j'). Then
H3(Zm, k*) = {ws : 0 < s < m— 1},
where ws(i, j, k) = g5tk
Consider also J; = Zmz_ol g*<i1; ® 1,

ij=
({1,:a € Z,2} denotes the set of idempotents of k[Z,,2]).
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Let T(H) :={se{l,...,m—1}: bj = sdi(m),Vi}.
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For each s € T(H), consider the twist H’, and denote by A(H, s)
the subalgebra generated by a = g, x, ..., Xx:
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Let T(H) :={se{l,...,m—1}: bj = sdi(m),Vi}.
For each s € T(H), consider the twist H’, and denote by A(H, s)
the subalgebra generated by a = g, x, ..., Xx:

Proposition

(A(H,s),Ay,,e,®,,,5,,a %, 1) is a quasi-Hopf subalgebra, not
twist equivalent to a Hopf algebra.
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Let T(H) :={se{l,...,m—1}: bj = sdi(m),Vi}.
For each s € T(H), consider the twist H’, and denote by A(H, s)
the subalgebra generated by a = g, x, ..., Xx:

Proposition
(A(H,s),Ay,,e,®,,,5,,a %, 1) is a quasi-Hopf subalgebra, not
twist equivalent to a Hopf algebra.

Gelaki's family A(q) corresponds to the case k = 1 and
bl = d1 =s=1.
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Main result

Theorem

Let A be a qHA such that its radical is a quasi-Hopf ideal, and
A/RadA = k[Z,] as algebras, for some m € N not divisible by
primes < 7. Then A is equivalent by a twist to one of the
following:
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Main result

Theorem

Let A be a qHA such that its radical is a quasi-Hopf ideal, and
A/RadA = k[Z,] as algebras, for some m € N not divisible by
primes < 7. Then A is equivalent by a twist to one of the
following:

a radically graded finite-dimensional HA A such that
A/RadA = K[Z,), or

a semisimple qHA k[Z,], with associator given by
ws € H3(Zm,k*), s € {1,...,m — 1}, or

a qHA A(H,s), where H is a radically graded HA such that
H/RadH = K[Z,], and s € T(H).
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Proof of Theorem - Part |

First we study basic radically graded qHA Ag, and then consider
liftings A of these radically graded gqHA Ap; i.e. basic qHA A such
that the associated radically graded qHA is Ap.
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First we study basic radically graded qHA Ag, and then consider
liftings A of these radically graded gqHA Ap; i.e. basic qHA A such
that the associated radically graded qHA is Ap.

Theorem
Ap is twist equivalent to one of the following qHA:
radically graded HA A such that A/Rad(A) = k[Zp],
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Proof of Theorem - Part |

First we study basic radically graded qHA Ag, and then consider
liftings A of these radically graded gqHA Ap; i.e. basic qHA A such
that the associated radically graded qHA is Ap.

Theorem
Ap is twist equivalent to one of the following qHA:
radically graded HA A such that A/Rad(A) = k[Zp],

A semisimple gHA k[Z,,] with associator given by some
ws € H3(Zm, kX),

an algebra A(H,s), for some radically graded HA H such that
H/Rad(H) = k[Z,,], and some s € T(H).
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Proof of Theorem - Part Il: Ay is a Hopf algebra

If the associated graded qHA Ay = gr(A) is a HA, then A is twist
equivalent to a HA.
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Proof of Theorem - Part Il: Ay is a Hopf algebra

Proposition

If the associated graded qHA Ay = gr(A) is a HA, then A is twist
equivalent to a HA.

To prove this we use:
m Andruskiewitsch-Schneider classification of pointed HA over
abelian groups,

Ivan E. Angiono — FaMAF, UNC

Basic quasi-Hopf algebras over cyclic groups



Proof of Theorem - Part Il: Ay is a Hopf algebra

Proposition

If the associated graded qHA Ay = gr(A) is a HA, then A is twist
equivalent to a HA.

To prove this we use:
m Andruskiewitsch-Schneider classification of pointed HA over
abelian groups,
m results about cohomology of pointed HA B(V)#kG for G
abelian group and V a braided vector space of Cartan type
(Guinzburg-Kumar), and
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Proposition (Etingof-Gelaki)

Let A be a fd gHA whose radical is a quasi Hopf ideal and the
corresponding graded algebra Ag = gr(A) is a HA. If
H3(A%, k) = 0, then A is twist equivalent to a HA.
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Proof of Theorem - Part Ill: Ay = A(Hy, s)

An action of a group I' on a FTC € is a monoidal functor
§: [ — AutC; i.e. a collection of functors {F; : g € '} C Aut€,
and isomorphisms

'Yg,h:Fgth_>th7 g,hEr,

defining the tensor structure of the functor §.
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Proof of Theorem - Part Ill: Ay = A(Hy, s)

An action of a group I' on a FTC € is a monoidal functor
§: [ — AutC; i.e. a collection of functors {F; : g € '} C Aut€,
and isomorphisms

'Yg,h:Fgth_>th7 g,hEr,

defining the tensor structure of the functor §.
A T-equivariant object of € is an object X € € with a family of
isomorphisms ug : Fg(X) — X such that for all pairs g, h € I":

Ugh © Yg,h = Ug © Fg(up).
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Proof of Theorem - Part Ill: Ay = A(Hy, s)

An action of a group I' on a FTC € is a monoidal functor
§: [ — AutC; i.e. a collection of functors {F; : g € '} C Aut€,
and isomorphisms

'Yg,h:Fgth—>th7 g,hEr,

defining the tensor structure of the functor §.

A T-equivariant object of € is an object X € € with a family of
isomorphisms ug : Fg(X) — X such that for all pairs g, h € I":
Ugh © Vg,h = Ug © Fg(up).

The category of I'-equivariant objects is called the
equivariantization of ¢, and will be denoted ¢'.

Ivan E. Angiono — FaMAF, UNC

Basic quasi-Hopf algebras over cyclic groups



Consider a FTC © such that Z(®) contains the Tannakian
subcategory Repl’, and the composition Repll — Z(D) — D is an
inclusion. Fun(T) is an algebra in the tensor category Repl: the
group I acts on Fun(T") by left translations. Then Fun(l) is an
algebra in the braided category Z(D).
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Consider a FTC © such that Z(®) contains the Tannakian
subcategory Repl’, and the composition Repll — Z(D) — D is an
inclusion. Fun(T) is an algebra in the tensor category Repl: the
group I acts on Fun(T") by left translations. Then Fun(l) is an
algebra in the braided category Z(D).

The category of Fun(I')-modules in ® is called the
de-equivariantization of ®, and will be denoted by ©r. It is a
tensor category.
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Consider a FTC © such that Z(®) contains the Tannakian
subcategory Repl’, and the composition Repll — Z(D) — D is an
inclusion. Fun(T) is an algebra in the tensor category Repl: the
group I acts on Fun(T") by left translations. Then Fun(l) is an
algebra in the braided category Z(D).

The category of Fun(I')-modules in ® is called the
de-equivariantization of ®, and will be denoted by ©r. It is a
tensor category.

Theorem

Given I acting on a FTC €, Repl is a Tannakian subcategory of
3(¢") and the composition of Repl — 3(€") with the forgetful
functor 3(€") — €T is the natural inclusion Repl — €.
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Consider a FTC © such that Z(®) contains the Tannakian
subcategory Repl’, and the composition Repll — Z(D) — D is an
inclusion. Fun(T) is an algebra in the tensor category Repl: the
group I acts on Fun(T") by left translations. Then Fun(l) is an
algebra in the braided category Z(D).

The category of Fun(I')-modules in ® is called the
de-equivariantization of ®, and will be denoted by ©r. It is a
tensor category.

Theorem

Given I acting on a FTC €, Repl is a Tannakian subcategory of
3(¢") and the composition of Repl — 3(€") with the forgetful
functor 3(€") — €T is the natural inclusion Repl — €.

The procedures of equivariantization and deequivariantization are
inverse to each other.

Ivan E. Angiono — FaMAF, UNC
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Theorem

Let A be a quasi Hopf algebra such that Rad(A) is a quasi-Hopf
ideal, and gr(A) = Ap = A(Ho, s). There exists an action of

I = Zp, on the category € = Rep(A) which fixes the simple objets
of €, such that the equivariantization @' is tensor equivalent to
Rep(H), for some Hopf algebra H. Such Hopf algebra is a lifting of
Ho, and there exists an inclusion of quasi Hopf algebras A — H”,
for some twist J € H® H.
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Theorem

Let A be a quasi Hopf algebra such that Rad(A) is a quasi-Hopf
ideal, and gr(A) = Ap = A(Ho, s). There exists an action of

I = Zp, on the category € = Rep(A) which fixes the simple objets
of €, such that the equivariantization @' is tensor equivalent to
Rep(H), for some Hopf algebra H. Such Hopf algebra is a lifting of
Ho, and there exists an inclusion of quasi Hopf algebras A — H”,
for some twist J € H® H.

Proposition

Let Hp be a radically graded Hopf algebra such that

Ho/RadHy = Z,,». For each integer s € T(Hp), there exists an
inclusion §s : RepZ,, — Z(RepHp) such that the corresponding
de-equivariantization of RepHp is RepA(Ho, s).
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Theorem (Masuoka)

Given a datum © and families A, p, the Hopf algebra u(®, \, i) is
a cocycle deformation of the associated graded Hopf algebra
u(®,0,0).
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Theorem (Masuoka)

Given a datum © and families A, p, the Hopf algebra u(®, \, i) is
a cocycle deformation of the associated graded Hopf algebra
u(®,0,0).

Consider a basic Hopf algebra H: H/RadH = kG (where |G| is not
divisible by 2,3,5,7), and Hj its associated radically graded Hopf
algebra. Then H* is a isomorphic to some u(®D, A, ) by AS's
Theorem on Classification of pointed HA, and H§ = u(®,0, 0).
Therefore, RepH is tensor equivalent to RepHp.
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